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Introduction

@ This talk concerns Pin(2)-equivariant maps between Pin(2)-vector

bundles over tori.
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Introduction

@ This talk concerns Pin(2)-equivariant maps between Pin(2)-vector
bundles over tori.
vV w

N

7"'n

o | will explain the background and motivation of this talk.
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Introduction

@ This talk concerns Pin(2)-equivariant maps between Pin(2)-vector
bundles over tori.
vV w

N

7"'n

o | will explain the background and motivation of this talk.

Convention
All manifolds are assumed to be connected, closed, and smooth.

Pin(2) is defined as the subset S* U jS? of the quaternions H.
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The Monopole Map

o Let X be a spin 4-manifold with indefinite intersection form and
by (X) > 0. Fix a Riemannian metric on X.
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The Monopole Map

o Let X be a spin 4-manifold with indefinite intersection form and
by (X) > 0. Fix a Riemannian metric on X.

@ We consider the monopole equation as the map

O Ker(Q' S Q0) & T(ST) = HY(X:R) x (2T & (57)),
¢(37 5) = ((a)harmonio d"a + CI(S), Das)

where

v

QP is the set of all differential p-forms on X,

F(ST) is the set of all sections of the half-spinor bundles S* of X,
q:T(ST) — QF is the quadratic map,

(a)harmonic is the harmonic part of a € Q1,

D is the Dirac operator.

vV vy VvYy
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Symmetry
The monopole map

O : Ker(Q & Q) @ T(SH) = HY{(X;R) x (T & T(57))
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Symmetry

The monopole map
& : Ker(Q! & Q0) @ I(S) — HY(X;R) x (QF © T(S7)) J

@ The spin structure of X provides the Pin(2)-equivariance of ®.
» Pin(2) acts on QP and H!(X;R) via Pin(2) — Pin(2)/S = {£1}.
» Pin(2) acts on T(5%) = ['(P xgpin HF) via Pin(2) — Sp(1).
» & is Pin(2)-equivariant.
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Symmetry

The monopole map
& : Ker(Q! & Q0) @ I(S) — HY(X;R) x (QF © T(S7)) J

@ The spin structure of X provides the Pin(2)-equivariance of ®.
» Pin(2) acts on QP and H(X;R) via Pin(2) — Pin(2)/S* = {£1}.
» Pin(2) acts on T(5%) = ['(P xgpin HF) via Pin(2) — Sp(1).
» & is Pin(2)-equivariant.
e The gauge symmetry provides the H!(X; Z)-equivariance of ®.
» a€ HY(X;Z) actson w € Q. n € QF and s € T(ST) by

a-w = (a)harmonic + w, a-n=mn, a-s=exp(2rv—1p(a))s.
Here p: HY(X;Z) — C°°(X,R/Z) is defined as

p([w])(x):/xw mod Z, x€ X, weQh

» ® is HY(X; Z)-equivariant.
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Finite-dimensional approximation

e By taking the quotient by H1(X;Z) and a finite dimensional
approximation of the map
& Ker(Q' L Q) @ T(ST) — HYX;R) x (QF @ 1(S7)),

we obtain

¢:V w,
pk\ Aj-
Ix

where V' and W are finite dimensional real Pin(2)-vector bundles over
the Jacobian torus Jx = HY(X;R)/HY(X; Z).
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Properties of a finite-dimensional approximation ¢

Q ¢:V — W is a proper, fiber-preserving, Pin(2)-equivariant map.
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Properties of a finite-dimensional approximation ¢

Q ¢:V — W is a proper, fiber-preserving, Pin(2)-equivariant map.

@ The linear action of —1 € Pin(2) on V induces the decomposition
V=W&V.Hee Vy={v]|(-1)-v=v}and
Vi={veV]|(-1)-v=—v}. Similarly we have W = Wy & Wj.
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Properties of a finite-dimensional approximation ¢

Q ¢:V — W is a proper, fiber-preserving, Pin(2)-equivariant map.
@ The linear action of —1 € Pin(2) on V induces the decomposition
V=W&V.Hee Vy={v]|(-1)-v=v}and
Vi={veV]|(-1)-v=—v}. Similarly we have W = Wy & Wj.
Q ¢y, : Vo — W satisfies the commutative diagram

¢

Wo

e

Ix x B — = Jy x RxH
inclusion

where R is the 1-dimensional real representation of Pin(2) defined by
j-x=-xandz-x=xforze S xeR.
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Properties of a finite-dimensional approximation ¢

¢ :V — W is a proper, fiber-preserving, Pin(2)-equivariant map
@ The linear action of —1 € Pin(2) on V induces the decomposition
V=W&V.Hee Vy={v]|(-1)-v=v}and

Vi={veV]|(-1)-v=—v}. Similarly we have W = Wy & Wj.
Q ¢y, : Vo — W satisfies the commutative diagram

Vo id Wo

e

Ix x B — = Jy x RxH

inclusion

where R is the 1-dimensional real representation of Pin(2) defined by
j-x=-xandz-x=xforze S xeR.

Q@ Vi and W are the realification of “sp-bundles” Vi, and Ws,. such
that some class of the “Ksp-invariants” of the difference between Wi,
and Vi, vanish.
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Main results

@ A Borsuk-Ulam type inequality for the existence of Pin(2)-equivariant
maps

@ A 10/8-type inequality for b;(X) >0
© Determination of the KOr-degree of ¢ for by (X) even
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o sp-bundles and the Ksp-group
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Contents
© sp-bundle and the Ksp-group
@ Ksp(T")
© The realification of a sp-bundle
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sp-bundle

o Let B be a Gy-space (C, denotes the cyclic group of order two).

@ jg : B — B: the involution on B.

Definition (Dupont)
A sp-bundle is a complex vector bundle V' over B with an antilinear map
J : V — V satisfying the following conditions.

Q@ Jisalift of jg. ThatismyoJ = jgomy.

Q JoJ=—idy.
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Ksp-group
Definition

For any compact Hausdorff Cy-space B, the Ksp-group Ksp(B) of B is
defined by

Ksp(B) = F(B)/Q(B),

o F(B) is the free abelian group generated by the isom. classes of
sp-bundles over B.

e Q(B) is the subgroup of F(B) generated by
[V]+ [W]—-[V& W], V,W : sp-bundles
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Ksp-group
Definition

For any compact Hausdorff Cy-space B, the Ksp-group Ksp(B) of B is
defined by

Ksp(B) = F(B)/Q(B),

o F(B) is the free abelian group generated by the isom. classes of
sp-bundles over B.

e Q(B) is the subgroup of F(B) generated by
[V]+ [W]—-[V& W], V,W : sp-bundles

Definition

For any locally compact Cy-space U, Ksp(U) is defined by

Ksp(U) = Ker(Ksp(U™) — Ksp({o0})),

where UT = U U {oco} is the one-point compactification of U.
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Computations

Example

© The Ksp-group of RP (with jg(v) = —v) is given by

Z p=0,4mod 8
Ksp(RP) = { Z/2Z p=2,3mod 8
0 otherwise.
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Computations

Example

© The Ksp-group of RP (with jg(v) = —v) is given by

Z p=0,4mod 8
Ksp(RP) = { Z/2Z p=2,3mod8
0 otherwise.

@ Let 7" be the n-dimensional torus I@”/Z”. The Ksp-group of T" can
be computed by

where the symbol [n] stands for the set {1,2,...,n} and RS denotes
the set of all maps from S to R

v
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The realification of a sp-bundle

Remark

For any Cy-space B, we regard B as a Pin(2)-space via the map
Pin(2) — Pin(2)/S! = G,.

Definition
The realification of a sp-bundle (V/,J) is the underlying real vector bundle
rV with the Pin(2)-action defined by

z-vi=2zv, j-v:i=J(v)

forverV,zeSh

sp-bundles ~ real Pin(2)-vector bundles

Ko Ohashi (Univ. of Tokyo) Pin(2)-equivariant maps and KO-degree September 12, 2018 16 / 44



9 Borsuk-Ulam type Inequality
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Contents
@ Setting and Assumptions
@ The Ksp-invariants ag
© Definition of vg
@ Inequality
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Setting

o Let V and W be Pin(2)-vector bundles over 7", n > 0.
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Setting

o Let V and W be Pin(2)-vector bundles over 7", n > 0.
e Given a proper, fiber-preserving, Pin(2)-map ¢ : V — W.
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Setting
o Let V and W be Pin(2)-vector bundles over 7", n > 0.
e Given a proper, fiber-preserving, Pin(2)-map ¢ : V — W.

@ The linear action by —1 € Pin(2) on V, W defines the
decompositions V = Vo & Vi and W = Wy & W4, respectively.
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Setting
o Let V and W be Pin(2)-vector bundles over 7", n > 0.
e Given a proper, fiber-preserving, Pin(2)-map ¢ : V — W.

@ The linear action by —1 € Pin(2) on V, W defines the
decompositions V = Vo & Vi and W = Wy & W4, respectively.

V=Voo Vi ¢ W=W,o W, .
k‘ ‘%
f‘n
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Setting
o Let V and W be Pin(2)-vector bundles over 7", n > 0.
e Given a proper, fiber-preserving, Pin(2)-map ¢ : V — W.

@ The linear action by —1 € Pin(2) on V, W defines the
decompositions V = Vo & Vi and W = Wy & W4, respectively.

V=Voo Vi ¢ W=W,o W, .
k‘N ‘%
Tn

Assumptions
o Vo, Wy are given by Vo = T" x RX, Wy = T" x R*H with ¢ > 0.
® ¢|y, : Vo = Wy is given by the inclusion map RX <y RX+E,

@ Vi, W are given by the realifications of sp-bundles Vi,, Ws, over Tn

respectively.

v
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Ksp-invariant

The sp-bundles Vi, Wy, define an element a := [Wsp] [Vip] € Ksp(T").

Using the isomorphism Ksp(T") = @s(, Ksp(R S), it can be
decomposed as

Scln]
where
Z |S| =5 0,4
as € Ksp(R®) =< 7/27 |S| =52,3
0 otherwise.
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Ksp-invariant

The sp-bundles Vi, Wy, define an element a := [Wsp] [Vip] € Ksp(T").

Using the isomorphism Ksp(T") = @sc(4 Ksp(RR®), it can be
decomposed as

Scln]
where
Z |5| =g 0, 4
as € Ksp(R®) =< 7/27 |S| =52,3
0 otherwise.
Assumption
If |S| > 4, then as = 0.
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Invariant vg
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Invariant vg
Q Let S be a subset of [n] ={1,2,...,n}.
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Invariant vg

Q Let S be a subset of [n] ={1,2,...,n}.

@ The integer Ny(S), m > 0 is defined to be the number of families
{S1,...,5m} of S such that

Si#S (i#)), S=SU---USy, |Si| € {2,3,4},
as, # 0 € Ksp(R%) ® Z/27 = 7,/27.
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Invariant vg

Q Let S be a subset of [n] ={1,2,...,n}.

@ The integer Ny(S), m > 0 is defined to be the number of families
{S1,...,5m} of S such that

Si 7& SJ (I #J)? S= 51 u--.- Usmv |SI| € {27374}7
as, # 0 € Ksp(R%) ® Z/27 = 7,/27.

© The integer N(S) is defined by

N(S) = 3 (~2)"Nim(S).

m=0
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Invariant vg

Q Let S be a subset of [n] ={1,2,...,n}.

@ The integer Ny(S), m > 0 is defined to be the number of families
{S1,...,5m} of S such that

Si ;é SJ (I #J)? S= 51 u--.- Usmv |SI| € {27374}7
as, # 0 € Ksp(R%) ® Z/27 = 7,/27.

© The integer N(S) is defined by

N(S) = 3 (~2)"Nim(S).

m=0

@ The integer vg is defined by
vs == max{v | 2" divides N(S)}
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Main result

Theorem
If there exists a Pin(2)-map ¢ : V = Vo & Vi — W = Wy & W, satisfying
the assumptions, then we have the inequality
s > 2ks +£(ks, £, |S])
(& >2k+|S|—2vs +e(k —vs, 4, |S])).

Here ts = ¢ — |S|, ks = k — vs, and e(ks, ¢, |S|) is defied by the following
table.

‘ |S|: even | |S|: odd
| 12 301 2 3

0
£(p,4,15)) fg;ig) 123021 2 2

v
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@ 10/8-type inequality
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Contents
© Setting
@ Calculation of as(X)
© 10/8-type inequality
Q@ Example X = X'#(#MT*)
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Setting

@ Let X be a spin 4-manifold with indefinite intersection form and
by (X) > 0.

o Let ¢ : V — W be a finite-dimensional approximation of the
monopole map .

o (:=bS(X), k:=—sign(X)/16.
o Let a(X) = > gc(y as(X) be the Ksp-invariant.

Ko Ohashi (Univ. of Tokyo) Pin(2)-equivariant maps and KO-degree September 12, 2018 25 / 44



Definition of >,

o Let L be a sublattice of H1(X; Z) with rank r.
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Definition of >,

o Let L be a sublattice of H1(X; Z) with rank r.
@ We define the submanifold ¥; of X as follows:
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Definition of >,

o Let L be a sublattice of H1(X; Z) with rank r.

@ We define the submanifold ¥; of X as follows:

o T, := Hom(HY(X;Z)/L,R/Z) is a subtorus of Hom(H(X;Z),R/Z)
of codimension r.

Ko Ohashi (Univ. of Tokyo) Pin(2)-equivariant maps and KO-degree September 12, 2018 26 / 44



Definition of >,

o Let L be a sublattice of H1(X; Z) with rank r.

@ We define the submanifold ¥; of X as follows:

o T, :=Hom(HY(X;Z)/L,R/Z) is a subtorus of Hom(H(X;Z),R/7Z)
of codimension r.

o Then ¥, := p~1(T,) is a submanifold of X of codimension r. Here
p: X — Hom(HY(X;Z),R/Z) is the Albanese map. The spin
structure of X induces a spin structure of ;.

T, Hom(HY(X;Z),R/7Z)

”T I

Y X
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Calculation of as(X)

e Fix a Z-basis {xi,...,x,} of HY(X;Z).
e For any subset S C [n], we define L(S) as the sublattice generated by
the set {xs|s € S} and set X5 := (5.
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Calculation of as(X)

e Fix a Z-basis {xi,...,x,} of HY(X;Z).

e For any subset S C [n], we define L(S) as the sublattice generated by
the set {xs|s € S} and set X5 := (5.

Theorem

Under the isomorphism Ksp(IR®) = KOISI=4(pt.), we have

as(X) = a([xs]),

where o denotes the a-invariant o : QP — KO™*(pt.).
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Corollary

By Theorem as(X) = a([Xs]), we obtain the following corollary.

Corollary
e If|S| > 4, then as(X) = 0.
e If|S| =0 or4, then it can be written (up to sign) as

25(X) = sign(X)/16 |S| =0
° - fXXS |5| =4, xs = UsesXs
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Theorem

b3 (x) > 28X

+1S| — vs +e(ks, £, |S])
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Theorem

b (%) 2 ~2E) 15| st clks,0.15))

Corollary (S = 0)
If b (X) % 2, then

3 k=0,3 mod4
+<¢1 k=1 mod4 (%)
2 k=2 modA4.

b0) > -0
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Corollary (S = 0)
If b (X) % 2, then

3 k=0,3 mod4
+<1 k=1 mod4 (%)
2 k=2 modA4.

b (x) 2 -0

Remark
@ In the case k = 1 mod 4, the inequality (x) is Furuta’s 10/8-inequality
(2001).
@ In the case k = 2,3 mod 4, the inequality (*) was first proved by N.

Minami and B. Schimidt (2003) independently . They destabilize a
Pin(2)-map and apply a result by S. Stolz on Z./4Z-equivariant maps.

© In the case k = 0 mod 4, J. Lin (2015) proved the inequality (*) using
the KOpjy(2)-theoretical Euler classes, degree and the Adams
operations.

v
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Example

TheoremP's

s > 2ks +e(ks, £, |S]).

Example

If X is decomposed as X = X'#(#™T*), then we have

M 3 8 4 ;m=0,1 mod 4

|

b;(X)z—gT+2m+ 2 S'gn(x)+m—2 mod 4.
1 SIgn(X)—i-m—3 mod 4

This follows from Theorem by taking S as a basis of HY(#™T*;Z). In
this case, |S| = 4m and vs = m.
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© KO-degree
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Contents
© The Thom isomorphism theorem for the equivariant KO-theory
@ KO-Euler class and KO-degree
@ Spin structures and a double covering I of Pin(2)
@ The KO-degree of ¢ in KO:(T™)[exo(H) 1]
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Thom isomorphism theorem

Notation
@ B: a compact Hausdorff G-space

@ V: a vector bundle V over B

KO%(V) := KOg(V U {o0}).

Theorem (Atiyah)

Let V' be a real spin G-vector bundle over a compact Hausdorff G-space
B. Then there exists txo(V) € KO‘ng (V) such that the map

KO%(B) — KOI™ Y(V), x s m*x Utko(V),

is an isormophism, where 7 : V — B is the projection.
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KO-Euler class and KO-degree

Definition

Let V, W be spin G-vector bundles over B and let ¢ : V — W be a
fibre-preserving proper G-map.

O The KOg-Euler class exo(V) € KOZ™ Y(B) is defined by
exo(V) = s™(tko(V))

where s : B — V is the zero section.

@ The KO¢-degree degy(¢) € KOE™ W=dime V(BY s defined by

degko(9) tko(V) = ¢ (tko(W)).

Ko Ohashi (Univ. of Tokyo) Pin(2)-equivariant maps and KO-degree September 12, 2018 35/ 44



Spin structure on R?

@ To define the KO-degree of ¢, it is necessary to put Pin(2)-spin
structureson V = Vo @ V4 and W = Wy & W;.
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Spin structure on R?

@ To define the KO-degree of ¢, it is necessary to put Pin(2)-spin
structureson V = Vo @ V4 and W = Wy & W;.

@ The sp-structures on Vi, Wi induce the Pin(2)-spin structures.
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Spin structure on R?

@ To define the KO-degree of ¢, it is necessary to put Pin(2)-spin
structureson V = Vo @ V4 and W = Wy & W;.

@ The sp-structures on Vi, Wi induce the Pin(2)-spin structures.
. ~ ~ x+4
@ Next we consider Vy & KX and Wy = KX+ .

e When does RP admit a Pin(2)-spin structure?
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Spin structure on IR”

@ To define the KO-degree of ¢, it is necessary to put Pin(2)-spin
structureson V = Vo @ V4 and W = Wy & W;.

@ The sp-structures on Vi, W induce the Pin(2)-spin structures.
. ~ ~ x+4
@ Next we consider Vy & KX and Wy = KH )

e When does RP admit a Pin(2)-spin structure?

Lemma

o The Pin(2)-representation RP admit a Pin(2)-spin structure if and
only if p is a multiple of 4.
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Spin structure on IR”

@ To define the KO-degree of ¢, it is necessary to put Pin(2)-spin
structureson V = Vo @ V4 and W = Wy & W;.

@ The sp-structures on Vi, W induce the Pin(2)-spin structures.
. ~ ~ x+4
@ Next we consider Vy & KX and Wy = KH )

e When does RP admit a Pin(2)-spin structure?

Lemma
o The Pin(2)-representation RP admit a Pin(2)-spin structure if and
only if p is a multiple of 4.
o The Pin(2)-representation RP admit a Pin(2)-invariant orientation if
and only if p is even.
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The double covering I' of Pin(2)

Definition
We define the double covering T of Pin(2) as follows:
o Let C4 be the cyclic group of order 4 with a generator jy.
o The Cs-action j, -t =t~ 1, t € S defined by defines the semi direct
product S* x C4, which we denote by T .
o The double covering map I = S' x C, — Pin(2) = S' U St is
defined by
zeSt—zeS, peC—j
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The double covering I' of Pin(2)

Definition
We define the double covering T of Pin(2) as follows:
o Let C4 be the cyclic group of order 4 with a generator jy.
o The Cs-action j, -t =t~ 1, t € S defined by defines the semi direct
product S* x C4, which we denote by T .
o The double covering map I = S' x C, — Pin(2) = S' U St is
defined by
zeSt—zeS, peC—j

Lemma

The l-representation RP admit a [-spin structure if and only if p is even.
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The KO-degree

Corollary
Suppose that / is even.
@ By stabilizing by R if necessary, Vo = @X and Wy = Ex+
[-spin structures, and
o the KO-degree of ¢ is defined.

Y :
admit
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The KO-degree

Corollary
Suppose that / is even.
o By stabilizing by R if necessary, Vo = R and W = KXM admit
[-spin structures, and
o the KO-degree of ¢ is defined.

o We calculate the KO-degree degyio(¢) of ¢ in the algebra

KOF(T")[exo(H) ]
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The KO-degree

Corollary
Suppose that / is even.
o By stabilizing by R if necessary, Vo = R and W = BXM admit
[-spin structures, and
o the KO-degree of ¢ is defined. |

@ We calculate the KO-degree degy () of ¢ in the algebra

KOF(T")[exo(H) ]

Remark
Since ¢|y, defines the map from Vi to Wy, we can “destabilizing”
degio () with respect to exo(IR?). Thus we do not need to add the

inverse of exo(R?) to KOE(T™)[exo(H) 1.
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Theorem

Suppose that ¢ is even. Under the isomorphism

KOE*4(T")[exo(H) '] = ) KOF *(R*)[exo(ED) 1],
Scln]

the KO-degree of ¢ : V. — W can be written as

[degio (@)l = > As[Bs],

Scln]

where (s € KO‘F—M‘(I@S) and Ns € 7 are given by

[ EN(S)2lds/21Hk=2 s = 1,2 mod 4
> +N(S)2ds/21+k=1 {5 = 3,4 mod 4.
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© Proof
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Borsuk-Ulam type inequality follows from the following lemma.

Lemma
Suppose that | is a positive even integer. For each S C [n]|, we have

ls > 2ks + eo(ds)

where ds = | — 4k — |S| and eo(d) is defined by the following table and
go(d +8) = eo(d).

d mod 8
Eo(d)

NS
W/~
AN
W W
NN
[CVIRS) |
N[ D
~| N
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Lemma

Lemma

Let E1, E>, F1, Fo be G-spin vector bundles. For any fibre-preserving proper
G-map

o EieEE->FRehR
satisfying ¢(E1) C F1, we have

degio(9) eko(E2) = exo(F2) degko(d|E, ).

EI@E2—¢>F1@F2

o e

E; Wy

e,
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Proof of Lemma
By the definition of the KO-degree, we have

degiko(9) tko(E1 @ E2) = ¢"(tko(F1 ® F2)).

Then

ig, (L.H.S) = degko(9) degio (i, ) tko(Er)
= degko(9) exo(E2) tko(E1)-

On the other hand,
iEl(R.H.S) = (b*i;.il(tKo(Fl @ F))

= ¢"(degko (iR ) tko(E1))
= eko(F2) degko(¢lg, ) tko(E1)

Comparing the coefficient of txo(E1), we obtain the required equation. [
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Sketch of the proof

Step 1 Find Pin(2)-vector bundles representing [V4] and [W4] in
terms of the Ksp-invariants {as}sc(q-

Step 2 Substitute the result of Step 1 for the equation

degio(9) exo(V1) = exo(Wr) degko(9]v)-

Step 3 CaIcuIate the KO-degree using the complexification map
Of[exo(H) ] — Kf[exo(H) ']
Step 4 We obtain that for each S the coefficient Ags of 35 in the
equation

[dego(#)] = D As[Bs]

Sc(n]

is an integer or an even integer. These conditions imply the
required inequality.
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