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For n = 1,2,..., an n-dimensional TQFT is given by the following data :

⋅ For a closed manifold Yn−1, we are given a linear space E(Yn−1)

⋅ For a compact cobordism Xn : Yn−1
0 → Yn−1

1 ,
we are given a linear map, Z(Xn) : E(Yn−1

0 ) → E(Yn−1
1 )

⋅ Gluing cobordisms and compositions of corresponding linear maps are compatible .

⟹ It is a nice system of invariants for manifolds .

⋅ E(Yn−1
0 ⨿ Yn−1

1 ) ≅ E(Yn−1
0 ) ⊗ E(Yn−1

1 ), Z(Xn
0 ⨿ Xn

1) = Z(Xn
0) ⊗ Z(Xn

1)



In an informal sense, it is possible to construct a TQFT starting from 
an action functional.
Assume that we are given ``fields'' for each manifold.

For example, connections on each manifold can be considered 
such ``fields''. Let us denote the set of ``fields'' over a manifold       
by 

We call a map                                         an action functional.
S = SXn : 𝒜(Xn) → ℝ

Xn

𝒜(Xn) .
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such ``fields''. Let us denote the set of ``fields'' over a manifold       
by 

We call a map                                         an action functional.
S = SXn : 𝒜(Xn) → ℝ

Xn

𝒜(Xn) .

I(Xn) = ∫A∈𝒜(Xn)
eiS(A) dA

It induces an invariant (and a TQFT) through integration over 𝒜(Xn) .

For example, the Chern-Simons 3-form induces an action functional 
for connections over manifolds. 

S(A) = ∫X3

k
4π

(A ∧ dA +
2
3

A ∧ A ∧ A) (mod ℤ)

We call a TQFT associated with the functional as Chern-Simons 
theory.

1. Introduction
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In Chern-Simons theory associated with general compact Lie 
groups, it is hard to consider such integration as a mathematical 
object.

We do not know whether there is an appropriate measure of the 
configuration space 𝒜(Xn) .

If we consider finite groups instead of general compact Lie groups, 
then  the configuration space becomes ``finite''!


𝒜(Xn)/𝒢(Xn) ≅ [Xn, BΓ] ≅ Hom(π1(X), Γ)
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In order to explain what is Dijkgraaf-Witten theory, we prepare some 
notations.

α ∈ Zn(BΓ; U(1))

Settings

Γ :  a finite group
:  a cocycle of the classifying space 

with coefficients in the circle group

n   :  0, 1, 2, ..
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α ∈ Zn(BΓ; U(1))

Settings

Γ :  a finite group
:  a cocycle of the classifying space 

with coefficients in the circle group

Example

n   :  0, 1, 2, ..

n   =  1
α ∈ Z1(BΓ; U(1))

We have a natural isomorphism H1(BΓ; U(1)) ≅ Hom(Γ, U(1)) .

Thus                                determines a homomorphism from 

      to         .

α ∈ Z1(BΓ; U(1))
Γ U(1)



Dijkgraaf-Witten action functional

Sα(P) = ⟨σ, f*P (α)⟩ ∈ U(1)

For a closed oriented manifold      and a prinicipal     bundle     over    , 

we define 

fP : Xn → BΓwhere is a classifying map for P , and
σ is a representative for the homology orientation of 

PXn Γ Xn

Xn
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Dijkgraaf-Witten action functional

Example n   =  1

α ∈ Z1(BΓ; U(1))If the cocycle                              corresponds to a homomorphism 

under the natural isomorphism                                               

then we have

H1(BΓ; U(1)) ≅ Hom(Γ, U(1)),

Sα(P) = ⟨σ, f*P (α)⟩ ∈ U(1)

For a closed oriented manifold      and a prinicipal     bundle     over    , 

we define 

fP : Xn → BΓwhere is a classifying map for P , and
σ is a representative for the homology orientation of 

PXn Γ Xn

Xn

Sα(P) = ψα(hP)

Xn = S1,

ψα

For every principal bundle     determines holonomy : P
hP ∈ Γ

2. Dijkgraaf-Witten theory



Dijkgraaf-Witten invariant is an orientation-preserving invariant 
constructed from a cocycle of the classifying space of a finite group

Zα(Xn) = ∑
P

Sα(P)
♯Aut(P)

∈ ℂ, Xn : closed

Dijkgraaf-Witten invariant
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Dijkgraaf-Witten invariant is an orientation-preserving invariant 
constructed from a cocycle of the classifying space of a finite group

Zα(Xn) = ∑
P

Sα(P)
♯Aut(P)

∈ ℂ, Xn : closed

Dijkgraaf-Witten invariant

Example

Zα(S1) = ∑
P

Sα(P)
♯Aut(P)

=
1

♯Γ ∑
γ∈Γ

ψα(γ) = 1 (if ψα = 0, or α ≃ 0)

n   =  1

0 (otherwise)
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Dijkgraaf-Witten theory is a TQFT which recovers the Dijkgraaf-
Witten invariant.
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Dijkgraaf-Witten theory

Dijkgraaf-Witten theory is a TQFT which recovers the Dijkgraaf-
Witten invariant.

2. Dijkgraaf-Witten theory

Theorem (Dijkgraaf-Witten '90, Wakui '92, Freed-Quinn '94, 
Heutz-Lurie '09, Sharma-Voronov '17) 
Let       be a finite group. There exists Dijkgraaf-Witten theory 

for every cocycle                             which is canonical with respect 
to  

α ∈ Zn(BΓ; U(1))
α ∈ Zn(BΓ; U(1))

(Eα, Zα)Γ



Contents of this talk

1. Introduction


2. Dijkgraaf-Witten theory


3. Main result : K-theoretical Dijkgraaf-Witten theory




3. Main result : K-theoretical Dijkgraaf-Witten theory

Dijkgraaf-Witten 
theory

K-theoretical DW 
theory

settings

orientation of 
manifolds

pairing used to 
construct action 

functional



3. Main result : K-theoretical Dijkgraaf-Witten theory

Dijkgraaf-Witten 
theory

K-theoretical DW 
theory

settings

orientation of 
manifolds

pairing used to 
construct action 

functional

α ∈ Zn(BΓ; U(1))
λ : a representative of 


K-cohomology class 

of BΓ



3. Main result : K-theoretical Dijkgraaf-Witten theory

Dijkgraaf-Witten 
theory

K-theoretical DW 
theory

settings

orientation of 
manifolds homology orientation

K-theoretical 
orientation of spin 

manifolds

pairing used to 
construct action 

functional

α ∈ Zn(BΓ; U(1))
λ : a representative of 


K-cohomology class 

of BΓ

c



3. Main result : K-theoretical Dijkgraaf-Witten theory

Dijkgraaf-Witten 
theory

K-theoretical DW 
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settings

orientation of 
manifolds homology orientation

K-theoretical 
orientation of spin 

manifolds

pairing used to 
construct action 

functional
cap product Kasparov product
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λ : a representative of 


K-cohomology class 

of BΓ

c



We define K-theoretical Dijkgraaf-Witten invariant as follows.

K-theoretical Dijkgraaf-Witten invariant is an Spin^c-structure-
preserving invariant constructed from 

Zλ(Xn) = ∑
P

Sλ(P)
♯Aut(P)

∈ ℂ , Xn : closed, spinc

2. K-theoretical Dijkgraaf-Witten invariant

3. K-theoretical Dijkgraaf-Witten theory
K-theoretical Dijkgraaf-Witten theory is a TQFT which extends the K-
theoretical Dijkgraaf-Witten invariant.

HOWEVER it is difficult to extend to the Spin^c cobordism category 
for some technical reasons.

λ .

3. Main result : K-theoretical Dijkgraaf-Witten theory

Sλ(P)
1. K-theoretical Dijkgraaf-Witten action functional

We define an action functional             using K-theoretical settings.

We follow the construction of the original Dijkgraaf-Witten theory.



Theorem  (K. , 2018) 
There exists a TQFT which extends the K-theoretical Dijkgraaf-
Witten invariant, i.e. we have two assignments :

     1. a vector space for closed spin^c manifold
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      4. It recovers the K-theoretical Dijkgraaf-Witten invariant for 
closed spin^c manifolds.
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Remark 
1. If we decorate each spin^c manifold with some structure, then it 

is possible to construct a full TQFT. In our paper, it will given as 
a Theorem but we do not describe it in this talk.


2. It is hard to compute our TQFT exactly for some technical 
reasons. In fact, it is also hard to compute the original DW 
theory except for n=1,2,3.


3. Main result : K-theoretical Dijkgraaf-Witten theory



Thank you for your attention!



Construction of original DW theory

G-valued topological action 
 for gauge fields

-valued invariant  
for gauge fields

Dijkgraaf-Witten invariant

Linearize by 

Integration

Recall construction of the topological action for closed n-manifold   . 
It gives a hint for construction of the vector space for one-
codimension manifolds by Dijkgraaf-Witten theory



Before we explain what vector space DW-theory assigns to (n-1)-
manifolds, let us explain the notion of `symmetric categorical 
group'. Firstly, recall the notion of abelian group.

Construction of original DW theory



(Example)

``It is a generalization of the notion of abelian group.''

is not a symmetric categorical group

is a symmetric categorical group

is a symmetric categorical group for an abelian group G

・

・

・

Construction of original DW theory



-valued topological action 
 for gauge fields

-valued invariant  
for gauge fields

Dijkgraaf-Witten theory

Linearize by 

Integration

We consider closed (n-1)-manifold

Construction of original DW theory



Untwisted Dijkgraaf-Witten theory

α ≃ 0 ∈ Zn(BΓ; U(1))
⟹ Sα(P) = ⟨σ, f*P (α)⟩ = 1 ∈ U(1)

⟹ Zα(Xn) = ∑
P

1
♯Aut(P)

=
♯Hom(π1(X), Γ)

♯Γ
∈ ℚ



Untwisted 2-dim'l Dijkgraaf-Witten theory

According to 「Chern-Simons theory with finite gauge group-D.Freed, F. 
Quinn」, untwisted 2-dimensional theory is computed as follows.



Freed , Quinn (1994) : 

Using an `integration' of an n-cocycle on (n-1)-manifold resulted in a 
complex line, they constructed the topological action for one-
codimension manifolds. 


Sharma , Voronov (2017) : 

Use a categorical group version of ordinary (co)homology theory and 
realize the integration of Freed-Quinn as a pairing of it.


Motivation of our study


